Abstract. For x > 0 let π(x) denote the number of primes not exceeding x. For integers a and m > 0, we determine when there is an integer n > 1 with π(n) = (n + a)/m. In particular, we show that for any integers m > 2 and a ⌈e m−1 /(m − 1)⌉ there is an integer n > 1 with π(n) = (n + a)/m. Consequently, for any integer m > 4 there is a positive integer n with π(mn) = m + n. We also pose several conjectures for further research; for example, we conjecture that for each m = 1, 2, 3, . . . there is a positive integer n such that m + n divides p m + p n , where p k denotes the k-th prime.
Introduction
For x > 0 let π(x) denote the number of primes not exceeding x. The function π(x) is usually called the prime-counting function. For n ∈ Z + = {1, 2, 3, . . . }, let p n stand for the n-th prime. By the Prime Number Theorem, π(x) ∼ x log x as x → +∞; equivalently, p n ∼ n log n as n → +∞. The asymptotic behaviors of π(x) and p n have been intensively investigated by analytic number theorists (see, e.g., [CP, . Recently, the author [S15] formulated many conjectures on arithmetic properties of π(x) and p n which depend on exact values of π(x) or p n . For example, he conjectured that for any integer n > 1, the number π(kn) is prime for some k = 1, . . . , n.
In 1962, S. Golomb [G] found the following surprising property of π(x): For any integer k > 1 there is an integer n > 1 with n/π(n) = k. Along this line, we obtain the following general result. 
for all m = 3, 4, . . . , (1.5) and hence lim
(1.6) Remark 1.1. For any integer m 2, we have S(m) m − p 1 0 and hence Theorem 1.1 yields Golomb's result 0 ∈ S m . In view of (1.5), for each m = 3, 4, . . . , the least k ∈ Z + with km − p k = S(m) is greater than e m−1 /(m − 1) 2 .
Corollary 1.1. Let m > 0 and a m 2 − m − 1 be integers. Then there is an integer n > 1 with π(n) = (n + a)/m, i.e., π(mn − a) = n for some n ∈ Z + .
(1.7) Corollary 1.2. For any integer m > 4, there is a positive integer n such that π(mn) = m + n.
(1.8) Remark 1.2. Let n be any positive integer. Clearly π(n) < n + 1 and π(2n) n < n + 2. Observe that
and hence π(3n) n + 1 < n + 3. As k := π(4n) 2, we have 4n p k k(log k + log log k − 1) by [D] . If n 45, then log k + log log k 5 and hence π(4n) = k n < n + 4. We can easily verify that π(4n) < n + 4 if n 44.
Recall that the well-konwn Fibonacci numbers F n (n ∈ N = {0, 1, 2, . . . }) are given by (1.9)
A positive integer n is called a practical number if every m = 1, . . . , n can be expressed as a sum of some distinct (positive) divisors of n. The only odd practical number is 1. The distribution of practical numbers is quite similar to that of prime numbers. For x > 0 let P (x) denote the number of practical numbers not exceeding x. Similar to the Prime Number Theorem, we have
for some constant c > 0, which was conjectured by M. Margenstern [M] in 1991 and proved by A. Weingartner [W] in 2014. In view of this, our method to prove Theorem 1.1(i) allows us to deduce for any positive integer m the equality
(1.10) where T (m) = max{km − q k : k ∈ Z + } with q k the k-th practical number. We are going to show Theorem 1.1 in the next section. Section 3 contains our proofs of Corollaries 1.1-1.3 and related numerical tables. In Section 4 we pose several conjectures for further research.
Proof of Theorem 1.1
Proof of Theorem 1.1(i). By [D] ,
So, for any integer k > e m+1 , we have
For any a ∈ S m , there is an integer n > 1 such that k := π(n) = (n + a)/m and hence a = km − n km − p k S(m).
Define I k := {km − p k+1 + 1, . . . , km − p k+1 + m} for all k ∈ N. As min I 0 = −1, and min I k+1 max I k for all k ∈ N, we see that k∈N I k ⊇ {−1, . . . , S(m)}. Note that max I k S(m) and km − p k+1 → −∞. If a is an integer with max I k+1 < a < min I k , then for n = (k + 1)m − a we have
(2.1) Now suppose that a is an integer with a S(m) and a ∈ S m . We want to deduce a contradiction. In light of (2.1), for some k ∈ N we have a ∈ I k = {km − p k+1 + 1, . . . , km − p k+1 + m}.
(2.2)
Write a = km + r with 1 − p k+1 r m − p k+1 . We claim that
This is obvious for m = p k+1 + r since
Below we assume m > p k+1 + r. As π(n) ∼ n/ log n, we see that
So, we may choose the least integer n p k+1 with (n + r)/(π(n) − k) m. Clearly n = p k+1 , thus n − 1 p k+1 and hence
by the choice of n. Set s = n − 1 + r and t = π(n − 1) − k.
As n − 1 p k+1 , we have t 1. Note also that
If n is prime, then π(n) = π(n − 1) + 1 and hence n + r π(n) − k = s + 1 t + 1 s t = n − 1 + r π(n − 1) − k which contradicts (2.4). Thus n is not prime and hence
By the claim (2.3), for some integer n p k+1 we have
Therefore a ∈ S m , which contradicts the supposition. In view of the above, we have completed the proof of Theorem 1.1(i).
Proof of Theorem 1.1(ii). For any given m ∈ Z + , we may choose k ∈ Z + with km − p k = S(m), and hence
This proves (1.4).
Clearly (1.6) follows from (1.5). Let m > 2 be an integer. As p k > k for k ∈ Z + , we have S(m) < (m − 1)e m+1 by (1.3). So it remains to show j := ⌊e m−1 /(m − 1)⌋ < S(m). For m = 3, we clearly have j = 3 < 3 × 3 − p 3 S(3). Below we assume m 4. Then j 6 and hence p j j(log j + log log j)
by [RS, (3.13 jm − p j j(m − log j) − j log log j > j(1 + log(m − 1)) − j log(m − 1) = j.
Therefore j < S(m) as desired.
Proofs of Corollaries 1.1-1.3 and related data
Proof of Corollary 1.1. By Theorem 1.1, it suffices to show that m 2 − m − 1 S(m).
For m 5, we have m 2 − m − 1 km − p k for some k ∈ Z + . In fact, In the following table, for each m = 2, . . . , 20 we give the least integer n > 1 with π(n) = (n − 1)/m as well as the least integer n > 1 with π(n) = (n + m − 1)/m. Table 3 
Some conjectures
In view of Theorem 1.1, the following conjecture arises naturally in the spirit of [S13] . Golomb's result [G] indicates that for any integer m 2 we have π(mn) = n (= mn/m) for some n ∈ Z + . Motivated by this and Corollary 1.2, we pose the following conjecture related to Euler's totient function ϕ.
Conjecture 4.2. Let m be any positive integer. Then π(mn) = ϕ(n) for some n ∈ Z + . Also, π(mn) = ϕ(m) + ϕ(n) for some n ∈ Z + , and π(mn) = ϕ(m + n) for some n ∈ Z + .
Remark 4.1. Our method to establish Theorem 1.1 does not work for this conjecture. For n ∈ Z + let σ(n) denote the number of (positive) divisors of n. We also formulate the following conjecture motivated by Conjecture 4.2.
Conjecture 4.3. For any integer m > 1, there is a positive integer n with π(mn) = σ(n). Also, for any integer m > 4, π(mn) = σ(m) + σ(n) for some n ∈ Z + , and π(mn) = σ(m + n) for some n ∈ Z + .
Example 4.1. The least n ∈ Z + with π(23n) = σ(n) is 8131355, the least n ∈ Z + with π(39n) = σ(39) + σ(n) is 75999272, and the least n ∈ Z + with π(30n) = σ(30 + n) is 39298437. Now we pose one more conjecture which is motivated by Corollary 1.2.
Conjecture 4.4. Let m be any positive integer. Then m + n divides p m + p n for some n ∈ Z + . Moreover, we may require n < m 2 if m > 2.
Remark 4.2. We have verified this conjecture for all m = 1, . . . , 15000, see [S14, A247824] for related data.
Example 4.2. The least n ∈ Z + with 2 + n dividing p 2 + p n is 5. For m = 10409, the least n ∈ Z + with m + n dividing p m + p n is 69804276 < m 2 .
